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Abstract
In [J.M. Aarts, T. Nishiura, Dimension and Extensions, North-Holland, Amsterdam, 1993], Aarts and Nishiura investigated
several types of dimensions modulo a class P of spaces. These dimension functions have natural transfinite extensions. The small
transfinite compactness degree trcmp is such transfinite dimension function extending the small compactness degree cmp. We shall
prove that there is no upper bound for trcmp in the class of metrizable spaces, i.e. for each ordinal number α there exists a metrizable
space Xα such that trcmpXα = α. We also give a characterization of the dimension dim of a separable (compact) metrizable space
in terms of the function cmp of the product of this space with a nowhere locally compact zero-dimensional factor.
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1. Introduction
In [1], Aarts and Nishiura investigated several types of dimensions modulo a class P of spaces. The small inductive
dimension modulo P , P-ind, has a natural transfinite extension as follows.
Definition 1.1. [2] Let X be a regular T1-space, P a class of topological spaces which is hereditary with respect to
closed subsets. Let α be the integer −1 or an ordinal number. Then the small transfinite dimension modulo P of X,
we denote P-trindX, is defined as follows.
(i) P-trindX = −1 if and only if X ∈P .
(ii) P-trindX  α if each point in X has arbitrarily small neighbourhoods V with P-trind BdV < α.
(iii) P-trindX = α if P-trindX  α and P-trindX  β does not hold for every β < α.
(iv) P-trindX = ∞ if P-trindX  α does not hold for every ordinal α.
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A ⊂ X such that P-trindA = α.
It is obvious that if α < ω0, then the small transfinite dimension modulo P , P-trind, coincides with the small
inductive dimension modulo P , P-ind. We also notice that if P = {∅}, then P-trindX is the usual small transfinite
dimension trindX. When we consider as P the class of compact spaces K, K-trindX is called the small transfinite
compactness degree and denoted by trcmpX. It is clear that for a regular T1-space X with weight w(X)  ℵα ,
trcmpX  trindX  ωα+1 holds (cf. [3, Theorem 7.1.6]). It is well known that for every countable ordinal α there is
a separable metrizable space Zα such that trcmpZα = α [7]. On the other hand, there are metrizable spaces having
arbitrarily high small transfinite dimension ([4,6] or see [3, Problems 7.2.C]). In this note, we shall show the following
theorem.
Theorem 1.1. There is no upper bound for trcmp in the class of metrizable spaces, i.e., for each ordinal number α,
there exists a metrizable space Xα such that trcmpXα = α.
We consider only metrizable spaces. For each ordinal number α, we denote α = λ(α)+p(α), where λ(α) is a limit
ordinal number or 0 and p(α) is a non-negative integer. For the integer −1, let λ(−1) = 0 and p(−1) = −1. We refer
the reader to [3,1] for dimension theory and dimensions modulo P .
2. Upper bound for small transfinite compactness degree
We recall two more transfinite extensions of the dimension modulo P .
Definition 2.1. [2] Let X be a metrizable space and C the class of completely metrizable spaces. Then the small
transfinite completeness degree tricdX is defined as tricdX = C-trindX.
We mean by a complete extension of a metrizable space X any completely metrizable space which contains X as a
dense subset.
Definition 2.2. [2] Let X be a metrizable space. Then we define the transfinite completeness deficiency C-trdefX of
X as follows:
C-trdefX = min{trind(Y \ X): Y is a complete extension of X}.
If α < ω0, then the small transfinite completeness degree tricdX coincides with the small inductive completeness
degree icdX for every metrizable space X, and the transfinite completeness deficiency C-trdefX coincides with the
completeness deficiency C-defX for every metrizable space X with C-trdefX < ω0 (cf. see [1, Section I.7] for the
definition of icdX and C-defX). Furthermore, it is shown that C-defX = icdX  cmpX holds for every separable
metrizable space X [1].
We recall the construction of the metrizable spaces Mα in [4]. The space Mα is constructed by transfinite induction
for each ordinal number α. Let M0 = {0} be the one-point space. Let α > 0 and assume that Mβ is constructed for
each β < α. If α = β + 1, then we define Mα = Mβ × I with the product topology, where I denotes the unit closed
interval [0,1]. If α is a limit ordinal number, let Mα =⊕{Mβ : β < α} ∪ {xα} be the space of the topological sum
of the copies of all Mβ , β < α adding a new point xα . The neighbourhood base at xα is defined as follows: For each
natural numbers n, m, we put
Vm(α) =
⊕{
Mγ+m: γ is a limit ordinal with γ < α
}
, and
Un(xα) = {xα} ∪
⋃{
Vm(α): m n
}
.
Let {Un(xα): n = 1,2, . . .} be a neighbourhood base at xα . Then we have the following ([4] or [3, Problem 7.2.C]).
Lemma 2.1. [3] For each ordinal number α, Mα is a metrizable space with trindMα = ∞ (in addition, for α < ω1,
the space Mα is separable). Moreover, if α = ω0 · β for some ordinal number β then trindMα  β .
1316 V.A. Chatyrko, Y. Hattori / Topology and its Applications 154 (2007) 1314–1320Furthermore, we have the following.
Lemma 2.2. For each ordinal number α the space Mα is completely metrizable.
Proof. By transfinite induction on α, we shall define a complete metric on Mα bounded by 1. If α  ω0, then Mα is
a compact metric space and hence Mα admits a complete metric dα bounded by 1. Let α > ω0 and suppose that for
each β < α Mβ admits a complete metric dβ bounded by 1. If α = β + 1, then Mα = Mβ × I. Hence, it is obvious
that Mα admits a complete metric dα bounded by 1. Let α be a limit ordinal. We define a metric dα on Mα as follows.
At first, we notice that Mα =⊕{Mβ : β < α} ∪ {xα}. Then put
dα(xα, xα) = 0.
dα(xα, x) = dα(x, xα) = 12p(β) , if x ∈ M
β for some β < α.
Furthermore, let x ∈ Mβ , y ∈ Mγ for β,γ < α. Then
dα(x, y) = dβ(x, y)2p(β) , if β = γ.
dα(x, y) = 12p(β) , if β = γ and p(β) = p(γ ).
dα(x, y) =
∣∣∣∣ 12p(β) −
1
2p(γ )
∣∣∣∣, if p(β) = p(γ ).
One can show that dα is a compatible metric on Mα . To show that dα is complete, let {xk: k = 1,2, . . .} be a Cauchy
sequence in Mα . Assume that there is β < α such that {xk: k = 1,2, . . .} is cofinally in Mβ . Since {xk: k = 1,2, . . .} is
a Cauchy sequence, there is k0 such that dα(xk, xm) < 12p(β)+1 for each k, m k0. By our assumption, there is k1 > k0
such that xk1 ∈ Mβ . Then it follows from the definition of dα that xk ∈ Mβ for each k > k1. Since dβ is complete,{xk: k  k1} converges to a point in Mβ . Hence {xk: k = 1,2, . . .} converges to a point in Mβ . We suppose now that
each Mβ contains at most finitely many points of {xk: k = 1,2, . . .}. For each k let xk ∈ Mβ(k). Then for each n,
An = {k: p(β(k)) = n} is finite. Indeed, since {xk: k = 1,2, . . .} is Cauchy, there is k0 such that dα(xk, xm) < 12n+1
for each k, m  k0. Let m ∈ An with m > k0 and xm ∈ Mβ . Then for each  ∈ An with  > k0, x ∈ Mβ . By our
assumption, {xk: xk ∈ Mβ} is finite. Hence An is finite. For each n, we put k1 = max(⋃ni=0 Ai). Then for each
k > k1, p(β(k)) > n. Hence dα(xα, xk) 12n+1 <
1
2n and hence {xk: k = 1,2, . . .} converges to xα . This completes the
proof. 
From Lemmas 2.1, 2.2 and Remark 1.1, we get
Theorem 2.1. For each ordinal number α there is a completely metrizable space Yα with trindYα = α.
Let Q denote the space of rational numbers. We have the following theorem which together with Lemma 2.1 and
Remark 1.1 implies Theorem 1.1.
Theorem 2.2. For each ordinal number α we have
trindMα = trcmp(Q× Mα)= tricd(Q× Mα).
It is clear that trcmpX  tricdX and trindX = trind(Q × X) hold for every metrizable space X. Hence, to show
Theorem 2.2, it suffices to show the following two propositions.
Proposition 2.1. For each ordinal number α, tricd(Q× Mα) C- trdef(Q× Mα) holds.
Proposition 2.2. For each ordinal number α, C- trdef(Q× Mα) trindMα holds.
We use the following lemma to prove the propositions above.
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then every complete extension of X contains a complete extension Y ′ of X with trind(Y ′ − X) α.
To prove Proposition 2.1, we also need the following.
Lemma 2.4. Let α be an ordinal number, F a closed subset of Q × Mα and B a base for F . Then there is a subcol-
lection B′ of B such that B′ is a base for F , and for each B ∈ B′ there is an open set B˜ of I × Mα with B˜ ∩ F = B
which satisfies the following condition:
(∗) Let G be a complete extension of F in I×Mα and E(B) an Fσ -set of G such that E(B) ⊂ BdG(B˜ ∩G) for each
B ∈ B′. Then ⋃{E(B): B ∈ B′} is an Fσ -set of G.
Proof. The lemma is proved by transfinite induction on α. If α < ω1, then Q × Mα is separable metrizable space.
Hence there is a countable base B′ ⊂ B for F . It is clear that B′ satisfies the condition of the lemma.
We suppose that α  ω1 and the lemma holds for every ordinal β < α. Let F be a closed subset of Q × Mα and
B a base for F . We notice that Mα = (⊕β<λ(α) Mβ ∪ {xα}) × Ip(α), where Ip(α) = {0} if α is a limit ordinal. Put
F0 = F ∩ (Q× {xα} × Ip(α)) and fix a bounded metric on the product I× Mα . For each k < ω0 we put
Bk =
{
B ∈ B: δ(B) < 1/k}, and
B0k = {B ∈ Bk: B ∩ F0 = ∅},
where δ(B) denotes the diameter of B . Since F0 is Lindelöf, there is a countable subcollection Gk of B0k such that
Gk covers F0. Let G =⋃∞k=1 Gk . Then G is countable and it forms a local base at each point of F0 in F . For each
β < λ(α) we put Fβ = F ∩ (Q × Mβ × Ip(α)) and Bβ = {B ∈ B: B ⊂ Q × Mβ × Ip(α)}. Since Q × Mβ × Ip(α) is
homeomorphic to Q × Mβ+p(α) and Bβ is a base for Fβ , by inductive assumption, there is a subcollection Vβ of Bβ
such that Vβ is a base for Fβ , and for each V ∈ Vβ there is an open set V˜ of I× Mβ × Ip(α) with V˜ ∩ Fβ = V which
satisfies the following condition:
(∗)β Let Gβ be a complete extension of Fβ in I×Mβ ×Ip(α) and E(V ) an Fσ -set of Gβ such that E(V ) ⊂ BdGβ (V˜ ∩
Gβ). Then
⋃{E(V ): V ∈ Vβ} is an Fσ -set of Gβ .
Now, we put B′ =⋃{Vβ : β < λ(α)} ∪ G. It is easy to see that B′ ⊂ B and B′ is a base for F . Let B ∈ B′. If B ∈ G,
then we take an open set B˜ of I × Mα with B˜ ∩ F = B . If B = V ∈ Vβ for some β < λ(α), let V˜ be an open set of
I×Mβ × Ip(α) with V˜ ∩Fβ = V which satisfies the condition (∗)β . Since I×Mβ × Ip(α) is an open set of I×Mλ(α) ×
Ip(α) = I×Mα , it follows that V˜ is open in I×Mα . Further, V˜ ∩F = V˜ ∩ (I×Mβ × Ip(α))∩F = V˜ ∩Fβ = V . Let G
be a complete extension of F in I×Mα . For each B ∈ G and each V ∈⋃{Vβ : β < λ(α)}, let E(B) and E(V ) be Fσ -
sets of G such that E(B) ⊂ BdG(B˜ ∩G) and E(V ) ⊂ BdG(V˜ ∩G). For each β < λ(α) we put Gβ = G∩ (I×Mβ ×
Ip(α)). Then Gβ is a complete extension of Fβ in I×Mβ × Ip(α) and V˜ ∩G = V˜ ∩ (I×Mβ × Ip(α))∩G = V˜ ∩Gβ
for each V ∈ Vβ . Further, since Gβ is clopen in G, it follows that BdG(V˜ ∩ G) = BdG(V˜ ∩ Gβ) = BdGβ (V˜ ∩ Gβ).
Hence E(V ) ⊂ BdGβ (V˜ ∩ Gβ) and E(V ) is an Fσ -set of Gβ . By (∗)β , Eβ =
⋃{E(V ): V ∈ Vβ} is an Fσ -set of Gβ .
Since Gβ is clopen in G, Eβ is an Fσ -set of G. On the other hand, for each n ∈ ω0, {Mβ : p(β) = n} is discrete in
Mα . Hence {Eβ : p(β) = n} is discrete in I×Mλ(α) × Ip(α) = I×Mα and so is in G. Hence En =⋃{Eβ : p(β) = n}
is an Fσ -set of G. Hence
⋃{E(V ): V ∈⋃{Vβ : β < λ(α)}} ∪ {E(B): B ∈ G} =⋃∞n=1 En ∪⋃{E(B): B ∈ G} is an
Fσ -set of G. This completes the proof. 
Proof of Proposition 2.1. We prove the following (1)α by transfinite induction on α:
(1)α For each closed set F of Q× Mα , C- trdefF  tricdF holds.
If α < ω0, then F ⊂ Q × Mα is separable metrizable and finite-dimensional. Hence, it follows from [1, Example
1.7.2] that C- trdefF = C- defF = icdF = tricdF .
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inequality C- trdefF  tricdF by transfinite induction on tricdF = λ. If tricdF = −1, then F is complete and hence
C- trdefF = −1. Let λ  0 be an ordinal. Suppose that for each μ < λ and each closed set E of Q × Mα with
tricdE  μ, C- trdefE  μ holds. Let tricdF = λ. By the definition of tricd, there is a base B for F such that
tricd BdF B < λ for each B ∈ B. It follows from Lemma 2.4 that there is a subcollection B′ of B such that B′ is a
base for F , and for each B ∈ B′ there is an open set B˜ of I × Mα with B˜ ∩ F = B which satisfies the condition (∗)
in Lemma 2.4. Let F˜ = ClI×Mα F and B∗ = B˜ ∩ F˜ . Then B∗ is open in F˜ . For each complete extension G of F with
G ⊂ F˜ , since B∗ ∩ G = B˜ ∩ G, we have
BdG(B∗ ∩ G) = BdG(B˜ ∩ G). (1)
Fix a bounded metric on the product I × Mα . For each k < ω0, we put Bk = {B ∈ B′: δ(B) < 1/k}. We notice
that δ(B) = δ(B∗) for each B ∈ B′. Since B′ is a base for F , it follows that F ⊂⋃{B∗: B ∈ Bk}. We put G =⋂∞
k=1(
⋃{B∗: B ∈ Bk}) and B∗ = {B∗: B ∈ B′}. Then G is a complete extension of F with G ⊂ F˜ and it is easy
to see that B∗|G = {B∗ ∩ G: B ∈ B′} is a base for G. Let B ∈ B′ be fixed. Since tricd BdF B < λ and BdF B is a
closed subset of Q × Mα , by the inductive assumption, it follows that C- trdef BdF B  tricd BdF B < λ. Further, we
have BdF B ⊂ BdG(B∗ ∩G). Since BdG(B∗ ∩G) is completely metrizable, it follows from Lemma 2.3 that there is a
Gδ-set PB of BdG(B∗ ∩G) such that BdF B ⊂ PB and trind(PB − BdF B) < λ. We put E(B) = BdG(B∗ ∩G)−PB .
Then E(B) is an Fσ -set of BdG(B∗ ∩ G) = BdG(B˜ ∩ G) by (1) and hence Fσ -set of G. Hence it follows from
(∗) in Lemma 2.4 that ⋃{E(B): B ∈ B′} is an Fσ -set of G. We put H = G −⋃{E(B): B ∈ B′}, then H is a
Gδ-set of G. For each B ∈ B′, since F is dense in G, it follows that BdG(B∗ ∩ G) ∩ F ⊂ BdF B ⊂ PB . Hence
E(B)∩F = (BdG(B∗ ∩G)−P(B))∩F ⊂ BdF B −P(B) = ∅ and hence F ⊂ H . Thus, H is a complete extension
of F . Since B∗|G is a base for G, it follows that {B∗ ∩ (H − F): B ∈ B′} is a base for H − F . Further we have
Bd(H−F)
(
B∗ ∩ (H − F))⊂ PB − BdF B. (2)
Indeed, let x ∈ Bd(H−F)(B∗ ∩ (H − F)). Then evidently x /∈ B∗ ∩ (H − F) and x ∈ H − F . Hence x /∈ B∗. On
the other hand, x ∈ ClH−F (B∗ ∩ (H − F)) ⊂ ClG(B∗ ∩ (H − F)) ⊂ ClG(B∗ ∩ G). Thus x ∈ ClG(B∗ ∩ G) −
B∗ = BdG(B∗ ∩ G). Since x ∈ H , it follows that x /∈ E(B) = BdG(B∗ ∩ G) − PB . Hence x ∈ P(B) and hence
Bd(H−F)(B∗ ∩ (H − F)) ⊂ PB . It is obvious that Bd(H−F)(B∗ ∩ (H − F)) ∩ BdF B ⊂ (H − F)) ∩ F = ∅. This
shows (2). Hence trind Bd(H−F)(B∗ ∩ (H − F))  trind(PB − BdF B) < λ and hence trind(H − F) λ. Thus, we
have C- trdefF  λ. This completes the proof. 
To prove Proposition 2.2, we need the following lemma.
Lemma 2.5. Let α be an ordinal, U a non-empty open set of I and Xα a complete extension of Q × Mα in I × Mα .
Then, there is a closed set Yα of I × Mλ(α) such that Yα is homeomorphic to Mλ(α) and Yα × Ip(α) ⊂ Xα ∩ (U ×
Mα) − (Q× Mα).
Proof. We prove the lemma by transfinite induction on α. Let α < ω0. Then λ(α) = 0 and Mα = Iα . It follows from
the proof of [1, Lemma 1.7.12] that {y ∈ P: {y}× Iα ⊂ Xα − (Q× Iα)} is dense in P (and hence in I), where P denotes
the set of irrational numbers in I. Hence there is y ∈ U ∩ P such that {y} × Iα ⊂ Xα − (Q × Iα). We put Yα = {y}.
Then Yα × Iα ⊂ Xα ∩ (U × Iα) − (Q× Iα) = Xα ∩ (U × Mα) − (Q× Mα).
Suppose that α  ω0 and the lemma holds for each β < α.
Case 1. Let α be a limit ordinal. Let U be a non-empty open set of I and Xα a complete extension of Q × Mα in
I × Mα . Since Xα ∩ (I × {xα}) is homeomorphic to a Gδ-set of I, by Baire category theorem, there is yα ∈ P ∩ U
such that (yα, xα) ∈ Xα ∩ (I × {xα}) − (Q × {xα}). For each β < α, we put Xβ = Xα ∩ (I × Mβ). Then Q × Mβ =
(Q × Mα) ∩ (I × Mβ) ⊂ Xα ∩ (I × Mβ) = Xβ . Since Xβ is a complete extension of Q × Mβ , it follows from the
inductive assumption that there is a closed set Yβ ⊂ I× Mλ(β) such that Yβ is homeomorphic to Mλ(β) and
Yβ × Ip(β) ⊂ Xβ ∩
((
U ∩
(
yα − 1
p(β)
, yα + 1
p(β)
))
× Mβ
)
− (Q× Mβ)
⊂ Xα ∩
(
U × Mα)− (Q× Mα).
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Yα =
( ⋃
β<α
(
Yβ × Ip(β)
))∪ {(yα, xα)}⊂ Xα ∩ (U × Mα)− (Q× Mα).
It is easy to see that Yα is a closed set of I× Mα and Yα is homeomorphic to Mα .
Case 2. Let α = λ(α)+p(α) and p(α) > 0. Let q : I×Mλ(α) × Ip(α) → I×Mλ(α) be the projection. Since Ip(α) is
compact, q is a closed mapping. Let I×Mλ(α) × Ip(α) −Xα =⋃∞k=1 Fk , where Fk is closed set of I×Mλ(α) × Ip(α) =
I×Mα for each k = 1,2, . . . . It follows that q(Fk) is closed in I×Mλ(α) and q(Fk)∩ (Q×Mλ(α)) = q(Fk)∩ q(Q×
Mα) = ∅. We put Z = (I×Mλ(α))−⋃∞k=1 q(Fk). Then Z is a Gδ-set of I×Mλ(α) and Q×Mλ(α) ⊂ Z. Hence Z is a
complete extension of Q×Mλ(α) in I×Mλ(α). By inductive assumption, there is a closed set Yλ(α) ⊂ I×Mλ(α) such
that Yλ(α) is homeomorphic to Mλ(α) and Yλ(α) ⊂ Z∩ (U ×Mλ(α))− (Q×Mλ(α). Let Yα = Yλ(α). Since Yα ∩q(Fk) =
∅ for each k = 1,2, . . . , (Yα ×Ip(α))∩ (⋃∞k=1 Fk) = ∅. Hence, Yα ×Ip(α) ⊂ Xα and thus Yα ×Ip(α) ⊂ Xα ∩ (U ×Mα).
Further, (Yα × Ip(α)) ∩ (Q × Mα) = (Yα × Ip(α)) ∩ (Q × Mλ(α) × Ip(α)) = (Yα ∩ (Q × Mλ(α))) × Ip(α) = ∅. Hence
Yα is a desired closed set. This completes the proof. 
Proof of Proposition 2.2. Let α be an ordinal number and Xα be a complete extension of Q × Mα in I × Mα .
By Lemma 2.5, there is a closed set Yα of I × Mλ(α) such that Yα is homeomorphic to Mλ(α) and Yα × Ip(α) ⊂
Xα − (Q×Mα). We notice that Yα × Ip(α) is homeomorphic to Mλ(α) × Ip(α) = Mα . Hence Mα can be embedded in
Xα − (Q×Mα) as a closed subset. Hence trind(Xα − (Q×Mα)) trindMα and hence C- trdef(Q×Mα) trindMα
by Lemma 2.3. This completes the proof of Proposition 2.2. 
Remark 2.1. From Theorem 2.2, Lemma 2.1 and Remark 1.1 we have also that there is no upper bound for tricd in the
class of metrizable spaces, i.e., for each ordinal number α, there exists a metrizable space Xα such that tricdXα = α.
3. Relations between the dimension and the small compactness degree
Throughout this section all spaces are assumed to be metrizable and separable. We will present characterizations
of the dimension dim of a space Y via the small compactness degree cmp of the product X × Y , where the factor X is
a nowhere locally compact zero-dimensional space.
Recall that a space is called nowhere locally compact if no point has a neighbourhood with compact closure. Ev-
idently, the complement of a compact subspace of a nowhere locally compact space is dense in this space. Simple
examples of nowhere locally compact spaces are the space of rational numbers Q and the space of irrational num-
bers P. Even more, the space P is topologically the unique non-empty topologically complete nowhere locally compact
and zero-dimensional space [5, Theorem 1.9.8].
A space is called a Baire space if the intersection of countably many dense open subsets of this space is dense.
Every topologically complete space is a Baire space. But there are Baire spaces which are not topologically complete.
Even more, there are nowhere locally compact and zero-dimensional Baire spaces topologically different from P. The
subspace X = (P × P) ∪ ({0} × Q) of Euclidean plane R2 is an example of such spaces. Evidently, the complement
of a σ -compact subspace of a nowhere locally compact Baire space is dense in this space and so it is not empty. The
following is another interesting fact about Baire spaces: If a space X is not a Baire space, then X contains a closed
subspace which is homeomorphic to Q [5, Theorem 1.9.12].
The class of all σ -compact spaces will be denoted by S . The small inductive dimension modulo S , S-ind, is called
the small inductive σ -compactness degree. Evidently, for any space X we have S-indX  cmpX.
A subset Y of a space X is called an S-kernel of X if Y is σ -compact. The S-Surplus of a space X, S-SurX, is
defined by
S-SurX = min{dim(X \ Y): Y is an S-kernel of X}.
It is well known that S-SurX = S-indX for any space X [1, Theorem 10.5, p. 55].
Proposition 3.1. Let X be a zero-dimensional space containing a closed subset A which is a nowhere locally compact
Baire space with respect to the induced topology. Then for any space Y we have
dimY = cmp(X × Y) = S − ind(X × Y).
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So the equalities will be established on showing S-Sur(A × Y)  dimY. Denoting the projection of A × Y onto A
by p, we have that the image p(C) of any S-kernel C of A × Y is also an S-kernel of A. By the fact about nowhere
locally compact Baire spaces mentioned above, we have A \ p(C) = ∅. Take a point x ∈ A \ p(C). It follows that
{x} × Y ⊂ p−1(A \ p(C)) ⊂ (A × Y) \ C. Hence, S-Sur(A × Y) dimY. 
It is also known [7, Comment 5.3] that dimX = cmp(X ×Q) = icd(X ×Q) (and even trindX = trcmp(X ×Q) =
tricd(X ×Q)) for any compact space X.
Now we are ready to prove the next proposition.
Proposition 3.2. Let X be a zero-dimensional space containing a closed subset A which is a nowhere locally compact
space with respect to the induced topology. Then for any compact space Y we have
dimY = cmp(X × Y).
Proof. If the set A is a Baire space with respect to the induced topology, then we can apply Proposition 3.1. Now, we
assume that the set A is not a Baire space. Then by the fact mentioned above [5, Theorem 1.9.12], there is a closed
subspace B of A (and so B is closed in X too) such that B is homeomorphic to Q. Evidently, the product B × Y
is a closed subset of X × Y and so cmp(B × Y)  cmp(X × Y)  dim(X × Y) = dimY . Thus the equality will be
established on showing cmp(B × Y) dimY. Recall now that by [7, Comment 5.3] we have dimY = cmp(Q× Y) =
cmp(B × Y). 
In the connection to the previous statement one can ask the following question.
Question 3.1. Is there a space X such that dimX > cmp(X ×Q)?
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